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Abstract
A generalized definition of a frame of reference in spaces with affine
connections and metrics is proposed based on the set of the following
differential-geometric objects: (a) a non-null (non-isotropic) vector field,
(b) the orthogonal to the vector field sub space, (c) an affine connec-
tion and the related to it covariant differential operator determining a
transport along the given non-null vector filed. On the grounds of this
definition other definitions related to the notions of accelerated, inertial,
proper accelerated and proper inertial frames of reference are introduced
and applied to some mathematical models for the space-time. The auto-
parallel equation is obtained as an Euler-Lagrange’s equation. Einstein’s
theory of gravitation appears as a theory for determination of a special
frame of reference (with the gravitational force as inertial force) by means
of the metrics and the characteristics of a material distribution.
PACS numbers: 0490, 0450, 1210G, 0240V
1 Introduction.
1.1 Definitions of a frame of reference in classical and rel-
ativistic physics
The notion of frame of reference is one of the important notions in physics.
It is related, from the one hand, to the mathematical models for description of
physical systems and the space-time, and, on the other hand, to the experimental
check-up of these models. From philosophical and physical point of view there
are many problems in nding out an appropriate denition for inertial and
non-inertial (accelerated) frames of reference in classical mechanics [?] and in
relativistic physics [?], [?], [?], [?], [?], [?].
In classical mechanics limited notions of absolute rigid body and of material
point are used for solving theoretical and experimental problems in many cases
without any diculties [?].
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From mathematical point of view the application of limited motions is related
to mathematical objects (such as points, curves, co-ordinates etc.) used in
denitions of a frame of reference (FR). Unfortunately, until now there is no
general acceptable denition of a FR as well as of transitions from one to another
FR.
There are at least three types of methods for dening a FR. They are based
on three dierent basic assumptions:
(a) Co-ordinate’s methods. A frame of reference is identied with a local
(or global) chart (co-ordinates) in the dierentiable manifold M (dimM = n,
n  2) considered as a model of space-time [?]. Additional conditions for the
transformations of the co-ordinates are also proposed to ensure the transition
from one to another FR [see for instance, [?] and the references there]. After
Roditchev [?] these groups of transformations of the co-ordinates are called
transformations of type A.
(b) Tetrad’s methods. A frame of reference is identied with a set of ba-
sic contravariant vector elds [n linear independent vectors (called n-Beins,
n-beams) feg 2 Tx(M), α = 1, ..., n, at every given point x of the manifold
M considered as a model of space-time]. For n = 4, four linear independent
contravariant vectors (or their components in a given basis) are called a tetrad.
Additional conditions are imposed for determining a special type of a n-Bein
used as a FR [?], [?], [?], [?], [?], [?]. The transition from one to another
FR is related to the transformation properties of the n-Beins. The groups of
transformations of the n-Beins is called group of transformations of type B.
(c) Monad’s methods. A frame of reference is identied with a non-null (non-
isotropic) (time-like) contravariant vector eld interpreted as the velocity of an
observer (material point). A transition from one to another FR is related to the
transformations of the contravariant vector eld to another vector eld of the
same type. Some additional conditions are required for nding out the explicit
form of these transformations related to the notions of inertial and non-inertial
(accelerated) FR. These groups of transformations of the type u′ = Ω(u),
Ω 2 ⊗1 1(M), u′, u 2 T (M), are considered by Roditchev [?], [?], where Ω is
called anor. Transformations of this type could be called transformations of
type C.
If a contravariant vector eld at a point of the manifold M is dened as a
vector belonging to an introduced at this point n-Bein and further the vectors
of the n-Bein are considered as tangential vectors to the co-ordinates given in a
neighbourhood of this point, then all methods for determining a FR could have
physical interpretation. Usually, the main requirements to all physical laws are
of two types:
(a) All physical laws should be expressed analytically in a general covariant
form with respect to transformations of the types A and B, i.e. they should be
represented by means of tensors general covariant with respect to A and B [?].
(b) All physical laws should be general covariant with respect to transfor-
mations of types A and B.
The cited above methods are used for describing physical interactions [?]
and especially the gravitational interaction [?], [?], [?].
In this paper a generalization of the notion of FR is proposed and consid-
ered on the basis of an "extended" monad formalism. In Section 2 the notions
of dierent types of frames of reference (inertial, accelerated, proper inertial,
proper accelerated etc.) are introduced. In Section 3 transitions from one to
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another FR are determined on the basis of well established external covariant
dierential operators. In Section 4 some invariant properties of parallel and
auto-parallel equations are recalled for the case of spaces of ane connections
and metrics [(Ln, g), (Ln, g)-spaces, and their special cases]. The auto-parallel
equation is obtained as Euler-Lagrange’s equation.
Remark 1 The reader is kindly asked to refer to [?], [?], or [?], where all basic
symbols and definitions used without explanations in this paper are introduced.
1.2 What are (Ln, g)-spaces?
The main characteristics of a (Ln, g)-space which dier from these of a (Ln, g)-
space are based on a weaker denition of the notion of dual bases in nite dual
vector spaces over a dierentiable manifold M [?], [?]. Instead of the common in
multilinear algebra (canonical) contraction operator C acting on basic vectors
fe(x)g 2 N1|x∈M and on basic vectors fe(x)g 2 N2|x∈M of the vector spaces
N1 and N2 with equal (nite) dimensions (dim N1 = dim N2 = n) at a point
x 2 M :
C : (e(x), e(x)) ! C (e(x), e(x))  e(e)| x∈M = δ  g
with δ  g = 1 for α = β and δ  g = 0 for α 6= β ,
a contraction operator S has been used:
S : (e(x), e(x)) ! S (e(x), e(x))  e(e)|x∈M = f (x)
with det(f ) 6= 0
Thus, the definition of dual vector bases has been weaken for vector spaces
(as bres of vector bundles) over a differentiable manifold M . [The weaken de-
nition of dual vector bases is meaningless in the multilinear algebra but it is very
interesting in the case of vector spaces over a dierentiable manifold.] It leads to
the possibility of introducing two dierent ane connections (whose components
dier not only by sign) for the tangent and cotangent vector spaces and, respec-
tively, to two dierent ane connections for contravariant and covariant tensor
elds over M . All formulas written in index-free form are identical and valid
in their form (but not in their contents) for (Ln, g)- and (Ln, g)-spaces. The
dierence between them appear only if they are written in a given (co-ordinate
or non-co-ordinate) basis. For instance,
g(u, u) = gij  ui  uj
in a (Ln, g)-space, but
g(u, u) = gij  f i k  f j l  uk  ul = gij  ui  uj = gkl  uk  ul
with f i j(xl) = S(dxi, ∂j) = S(∂j , dxi) = dxi(∂j)
in a (Ln, g)-space;
g(u) = gkl  ul  dxk
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in a (Ln, g)-space, but
g(u) = gkl  f l m  um  dxk = gkl  ul  dxk = gkm  um  dxk
in a (Ln, g)-space. In a (Ln, g)-space
S(dxi, ∂j) = C(dxi, ∂j) = δij  gij .
All formulas with indices can be very easily specialized for (Ln, g)-spaces by
omitting the bars of all indices and taking into account that δij;k  gij;k = 0. δij
are the Kronecker symbols identical with the components gij of the Kronecker
tensor Kr = gij  ∂i ⊗ dxj = g  e ⊗ e.
2 Generalized definition of a frame of reference
Let us take a closer look at the third type of methods for introduction of a
frame of reference. The method is called by dierent names [method of τ -eld
[?], monad formalism, [(n − 1) + 1]-representation, conception of the solitary
(lonely) observer etc.]. It is proposed by Eckard (1941) [?] and Lief (1951) [see
[?]] and later on refound and applied by many authors [?], [?]. The consideration
of a vector eld u as the velocity of an observer induces (at least locally) a
tangential sub space T⊥u(M), orthogonal to u over M . All observed physical
events and systems are projected to the direction of the vector eld u and its sub
space by the use of the corresponding to u contravariant and covariant metrics
hu = g−1e u⊗u and hu = g−1e g(u)⊗g(u). The invariant projections of the
dierent tensor characteristics of an observed physical system were then given
the corresponding physical interpretation [?], [?]. The world line of the observer
is determined by its tangential vector u at every of its points. A tangential
vector u at a point x 2 M , considered as an initial point, is transported to all
other points of the world line by means of a transport [?], [?] determined by a
preliminary given contravariant ane (linear) connection. With other words,
the world line of the observer is determined by the transport of its tangential
vector and, therefore, by the ane connection respectively. On this basis, we
can conclude that it is not enough for a definition of a frame of reference a
non-null (time-like) vector field u [with its corresponding orthogonal to it sub
space T⊥u(M)] to be given. A FR should be determined in the third type of
methods (c) by the set of four geometric objects:
(a) A non-null [time-like (if dim M = 4)] vector eld u 2 T (M).
(b) Orthogonal to u tangential sub space T⊥ux (M) at every point x 2 M ,
where u is dened.
(c) (Contravariant) ane connection r = Γ. It determines the type of
transport along the trajectory to which u is a tangent vector eld. Γ is related
to the covariant dierential operator ru along u [?], [?].
(d) Metric tensor eld g at every point x 2 M , where u is dened. It enables
one to measure lenghts and angles.
Remark 2 In the further considerations the last point (d) will not be considered
explicitly. It is only assumed that a covariant metric tensor field g and its
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corresponding contravariant vector field g exist among the other structures of a
frame of reference. The existence of the metric tensor field g is implicitly given
in the definition of T⊥u(M).
Now we can dene the notion of frame of reference.
Definition 3 The set FR  [u, T⊥u(M), r = Γ, ru] is called frame of refer-
ence in a differentiable manifold M considered as a model of the space or of the
space-time.
Every FR determines a congruence of curves (world lines) (a set of non-
intersecting curves) in the range of the denition of the vector eld u and the
action of the covariant dierential operator ru.
A dierentiable manifold M , provided with ane connection r, i.e. the
pair (M,r), is called space with ane connection [?] - [?]. A space with ane
connection and metrics determines the existence of a set of frames of reference
FR  [u, T⊥u(M), r = Γ, ru] which is invariant with respect to transforma-
tions of the types A and B. The dierent types of frames of reference [inertial,
non-inertial (accelerated) frame of reference] could be dened on the grounds
of the above basic denition. For every special type of a FR additional con-
ditions should be imposed characterizing its properties related to the action
of ru on the vector eld u and on its corresponding orthogonal vector elds
ξ⊥ 2 T⊥u(M).
Since r = Γ could full the condition r = Γ = 0 under a special choice
of the basic contravariant vector elds [?] - [?], [?] at least at a point or on a
trajectory to which u is a tangent vector eld, it is always possible a FRIF to
be transform to an IFR (frame of reference without inertial forces).
The existence of a FR with inertial forces is due to the fact that in some
cases inappropriate basic vector elds feg are chosen. In the table below Fru
denotes a Fermi-Walker transport [?], [?].
Table 1. Different types of frames of reference
Type of a frame of reference Symbol Conditions, determining
the type of a frame of reference
General frame of reference FR [u, T⊥u(M), r = Γ, ru]
Accelerated frame of reference AFR FR + [ruu = a 6= 0]
Inertial frame of reference IFR FR + [r = Γ = 0, ruu = a = 0]
Proper accelerated PAFR FR + [ ruu = a 6= 0,F ru = ru −Au,
frame of reference Fruξ⊥ = 0 , ξ⊥ 2 T⊥u(M)]
Proper inertial PIFR FR + [r = Γ = 0, ruu = a = 0 ,
frame of reference Fru = ru −Au ,
Fruξ⊥ = 0 , ξ⊥ 2 T⊥u(M)]
Frame of reference IFR IFR
without inertial forces FRWIF FR + [r = Γ = 0, ruu = a 6= 0]
Frame of reference FRIF FR + [r = Γ 6= 0, ruu = a = 0]
with inertial forces
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3 Transition from one to another frame of ref-
erence
A FR  [u, T⊥u(M), r = Γ, ru] will determine by means of its ane connec-
tion the model of a space or of a space-time, where the physical systems and
events (at least locally) could be considered. Therefore, a transition from one to
another ane connection could be related to the transition from one to another
FR. At that, there are two possibilities for a transition from one to another
ane connection.
(a) Transition fromr to r′ on the grounds of the transformation proper-
ties of r under changing the basic vector elds (or co-ordinates) used in the
corresponding frame of reference. Let us recall some well known facts.
If the basic vectors f∂ig or feig are transforming as
e = A i  ∂i = A k  ek , and if reβe = Γγ  eγ , r@j ∂i = Γkij  ∂k ,
then r = Γ will transform in r′ = Γ′ as
Γγ = A
i  A j  Ak γ  Γkij + A j  Ak γ A k ;j . (1)
A transformation of the above type (as a transformation of type A or B)
does not change the form of the transports of the vector eld u, i.e. ruu = a is
invariant to the transition of r = Γ to r′ = Γ′. To every ane connection r =
Γ and a vector eld u corresponds a covariant dierential operator ru invariant
under the above transformation of the basic vector elds (co-ordinates).
(b) Transition from r = Γ to er = Γ on the grounds of a change (deforma-
tion) of Γ by the use of a tensor eld of third rank A := A
i
jk  ∂i ⊗ dxj ⊗ dxk 2
⊗1 2(M) in the form [?], [?]
Γ ijk = Γ
i
jk −A ijk . (2)
The corresponding to Γ covariant dierential operator eru (called extended
covariant differential operator) could be written in the form
eru = ru −Au , (3)
where Au := A i jk  uk  ∂i ⊗ dxj .
This type of transformation is invariant under the change of the basic vector
elds (and co-ordinates). It induces a new frame of reference [u, T⊥u(M), er,
eruu] which being induced by the frame of reference [u, T⊥u(M), r, ruu]
diers from it. Therefore, we can relate a transition from one to another FR to
a transition from one ru to another eru covariant dierential operator acting
on tensor elds over a dierentiable manifold M .
A general transition from one to another FR could have the form




u := Ω(u) = ui  ∂i = Ωi j  uj  ∂i , Ω 2 ⊗1 1(M) ,
T⊥u = fξ 2 T (M) : g(u, ξ) = 0g , er = r−A .
The last type of transformations of Γ , D : Γ ! Γ, could be called trans-
formations of type D (because they are related to deformations of an ane
connection Γ).
3.1 Transition from an accelerated frame of reference to
an inertial frame of reference
A transition from an AFR  [u, T⊥u(M), r, ruu = a 6= 0] to an IFR 
[u, T⊥u(M), er = 0, eruu = 0] could be interpreted as a transition from an
accelerated FR to an inertial FR under conserving the vector eld (velocity)
of the observer. This means that the vector eld in both frames of reference is
one and the same but the transport of this vector eld is dierent in the two
frames of reference. This type of transition could be done by two steps.
(a) Transition from [u, T⊥u(M), r = Γ, ru, ruu = a 6= 0] to
[u, T⊥u(M), er = Γ 6= 0, eru, eruu = 0], i.e. AFR −! FRIF .
(b) Transition from [u, T⊥u(M), er = Γ 6= 0, eru, eruu = 0] to
[u, T⊥u(M), er = Γ = 0, eru, eruu = 0], i.e. FRIF −! IFR.
Let us considered every step separately from the other.
3.1.1 Transition from an accelerated frame of reference to a frame
of reference with inertial forces
The nding out of a transition from [u, T⊥u(M), r = Γ, ru, ruu = a 6= 0]
to [u, T⊥u(M), er = Γ 6= 0, eru, eruu = 0] is related to the problem of
nding out an extended covariant dierential operator eru = ru − Au such
that eruu = 0.
The equation ruu = 0 could be written in a co-ordinate basis in a (Ln, g)-
space [?] in the form
ui ;j  uj = ui ;j  uj + Γijk  uj  uk = ai , (6)
or in the form
ui ;j  uj + (Γijk − 1e  ai  gkj)  uk  uj = 0 , e = g(u, u) 6= 0 . (7)
On the other side, eruu = 0 could be written in the form
ui :j  uj = ui ;j  uj + Γ ijk  uj  uk = ui ;j  uj + (Γijk −A i jk)  uj  uk = 0 .
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If we chose the form of A i jk as A i jk = 1e  ai  gjk, then we nd Γ i jk in
the form
Γ ijk = Γ
i
jk − 1e  ai  gjk . (8)
The tensor Au has the form
Au = 1e  a⊗ g(u) = 1e  ai  gjk  uk  ∂i ⊗ dxj . (9)
Therefore, eruu = ruu− a = 0.
In the new frame of reference [u, T⊥u(M), er = Γ, eru, eruu = 0] the
vector eld appears as an auto-parallel vector eld with respect to the new ane
connection er = Γ. On this basis we can make the conclusion that every ”real”
force inducing an acceleration a with respect to an affine connection r = Γ could
be considered as an inertial force with respect to the corresponding to r = Γ
affine connection er = Γ fulfilling the condition (8).
The action of the extended contravariant dierential operator eru on a con-
travariant vector eld ξ 2 T (M) can be found as
eruξ = ruξ − 1e  a  g(u, ξ) = ruξ − le  a , l = g(u, ξ) . (10)
If ξ is orthogonal to u, i.e. if l = 0, then eruξ⊥ = ruξ⊥, ξ⊥ = g[hu(ξ)].
Therefore, the new extended covariant dierential operator eru does not change
the type of the transport (induced by ru) of the vectors of the sub space
T⊥u(M).
3.1.2 Transition from a frame of reference with inertial forces to an
inertial frame of reference
Let us now consider the transition from [u, T⊥u(M), r = Γ 6= 0, ru, ruu = 0]
to [u, T⊥u(M), r = Γ = 0, ru, ruu = 0]. From
(11)
rej ei = Γkij  ek , e = A i  ei , ei = Ai   e , A i 6= 0 ,
A
i Ai  = g , Ai   A j = gji ,
and from the condition




;j + A i  Γkij = 0 . (13)
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The Latin indices i, j, k, ..., belong to the indices of the basis fek, k =
1, ..., ng and the Greek index α belongs to the indices of the basis feg. There-
fore, for every given index α and j, and given components Γkij of the ane
connection Γ in the basis fekg we have a system of k partial dierential equa-
tions for A i in the type (13). Further, if we consider the basis fekg as a
co-ordinate basis, i.e. fekg := f∂kg, then we can write the system of partial
dierential equations (PDEs) in the same form, but A k could be considered
as components Ak of α vector elds A = A k  ∂k. Thus, the system of PDEs
appears as α equations for the components of α vector elds A in a co-ordinate
basis which are transported parallel to a basic vector eld ∂j with respect to
the ane connection Γ with components Γkij in a co-ordinate basis f∂kg:
r@j A = 0 = A k ;j = 0 . (14)
The last equations mean that we have to nd α covariant constant vector
elds A with respect to the ane connection r = Γ.
The system of PDEs (14) appears as a necessary and sucient condition for
Γ = 0 (with components Γ
γ
 = 0 in the contravariant vector basis feg). The
proof of this statement is trivial if we use the above relations.
A necessary but not sucient condition following from (13) is the condition
for a given vector eld u:
ruA = 0 , u = dds = dxids  ∂i 2 T (M) (15)
The last α equations are equivalent to the equations for α vector elds A
transported parallel along an auto-parallel vector eld u (ruu = 0)
dA
kds + Γkij A i  dxjds = 0 , α = 1, ... , n . (16)
Since the vector eld u = uk  ∂k is transported parallel to itself, we can nd
n− 1 additional vector elds A (with α = 1, ..., n− 1) transported parallel to
u and orthogonal to u. The solutions of the equations (16) determine α vector
elds A(s) transported parallel along a curve with parameter s and tangential
to it vector eld u. The components Ak(s) of these α vector elds A(s) in






for a transition from the basis fekg to the basis feg along
with the transition from Γ(s) with components in fek = ∂kg to Γ(s) = 0 with
vanishing components Γ
γ
(s) = 0 in the new basis feg.
Remark 4 The above considerations are a short representation of the results
given in [?] - [?] and [?] expressed in a more evident for our investigations form.
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3.1.3 Relations between the components of the (contravariant) cur-
vature tensor for the affine connection Γ and that for the affine
connection Γ
The components Ri jkl of the (contravariant) curvature tensor Riem induced by
the ane connection Γ could be written in a co-ordinate basis f∂kg in the form
Ri jkl = Γijl;k − Γijk;l + Γmjl  Γimk − Γmjk  Γiml .
The components R ijkl of the (contravariant) curvature tensor Riem induced




jkl = Γ ijl;k − Γ ijk;l + Γ mjl  Γ imk − Γ mjk  Γ iml .
By the use of (8) we can express R
i
jkl by means of Ri jkl in the form
R
i
jkl = Ri jkl + F i jkl ,
where
F i jkl = (1e  ai  gjk);l − (1e  ai  gjl);k +
+1e2  ai  am  (gjl  gmk − gjk  gml) +
+1e  (am  gjk  Γiml + ai  gml  Γmjk) +
+1e  (am  gjl  Γimk + ai  gmk  Γmjl ) . (17)
Special case: Flat space Mn: Γijk  0 : Rijkl  0.
R
i
jkl = F i jkl = (1e  ai  gjk);l − (1e  ai  gjl);k + (18)
+1e2  ai  am  (gjl  gmk − gjk  gml) .
The curvature components R
i
jkl of the corresponding space-time are in-
duced by the acceleration a = ai  ∂i of the observer (related to its accelerated
frame of reference). On the other hand,
ai = en  (Γijk − Γ ijk)  gjk , n = 4 , e = g(u, u) 6= 0 . (19)
Every acceleration a could be determined by the dierence of two ane
connections, the existing metrics, and the contravariant vector eld u. For a
flat space (Γijk = 0), a
i = −en  Γ ijk  gjk. Therefore, every eld theory in a flat
space-time (corresponding to an accelerated FR without inertial forces) using
the equation ruu = a as an equation for a particle moving with an acceleration
a in an external eld could be considered as a eld theory in a (Ln, g)-space,
where the same particle moves without acceleration, i. e. its velocity obeys an
auto-parallel equation (eruu = 0) in a (Ln, g)-space (corresponding to a FR
with inertial forces).
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3.2 Transition preserving the form of an auto-parallel equa-
tion
Let us now consider the transition of a FR of the type [u, T⊥u(M), r, ruu = 0]
to a FR  [u, T⊥u(M), er, eruu = 0]. The following problem could be
investigated and some solutions of it could be found.
Problem. Let an auto-parallel equation ruu = 0 be given with respect
to a contravariant ane connection r = Γ. Find a new contravariant ane
connection er = Γ with a corresponding extended covariant dierential operator
eru such that eruu = 0.
Solution. The auto-parallel equation ruu = 0 (with respect to r) and the
new auto-parallel equation eruu = 0 (with respect to er) can be written in the
forms respectively
ui ;j  uj + Γijk  uj  uk = 0 , ui ;j + (Γijk −A i jk)  uj  uk = 0 . (20)
After substraction of the second equation from the rst one, we obtain a
condition for A i jk  uj  uk in the form
A i jk  uj  uk = 0 . (21)
Dierent solutions are possible for A i jk fullling the above condition. Let
us give some of them.
1. A i jk := q
i  hjk. The tensor A will have the form
A = q ⊗ hu = qi  hjk  ∂i ⊗ dxj .dxk 2 ⊗1 2(M) , q 2 T (M) , (22)
and the condition Au = A(u) = 0 is fullled leading to the equation eruu =
ruu = 0.
2. A i jk := t
i  ωjk + qi  hjk. The tensor A will have the form
A = t⊗ ω + q ⊗ hu , ω 2 2(M) , t, q 2 T (M) , (23)
and the condition Au(u) = A(u, u) = 0 is fullled.
3. A i jk := t
i  ωjk + qi  (hjl  ηl  pk + hkl  ηl  pj). The tensor A will have
the form
A = t⊗ ω + q ⊗ [hu(η)⊗ p + p⊗ hu(η)] , t, q, η 2 T (M) , p 2 T ∗(M) ,
(24)
and the condition Au(u) = A(u, u) = 0 is also fullled.
All three possible solutions for A i jk and the corresponding solutions for A
preserve the form of ruu = 0. On the other hand, solutions 2. and 3. for A and
respectively for eru induce new type of transports (dierent from that induced
by ru) for the vector elds orthogonal to u:
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